SOLUTION

Ex8.1: 1,6, 8, 16, 20
Ex8.2:2,3,8
Ex8.3:1,4,6,9, 10

Ex 8.4 and Ex 8.5:4,5,7, 8, 12



L
Ex 8.1: (1)

- Let x € S and let n be the number of conditions (from among
c1,Cy, C3,C4) Satisfied by x. (n = 0): Here x Is counted once In
N(c,c3¢,) and once in N(¢;C,C3C4). (n = 1): If x satisfies ¢;
(and not c,, c3, c4), then x Is counted once in N(c¢,c3¢,) and
once in N(¢;C,C3Cy)

- If x satisfies c;, for i # 1, then x Is not counted in any of the
three terms in the equation. (n = 2,3,4): If x satisfies at least
two of the four conditions, then x Is not counted in any of the
three terms in the equation.

- The preceding observations show that the two sides of the given
eguation count the same elements from S, and this provides a
combinational proof for the formula

N(CzC3¢C4) = N(c1C3C3C,) + N(C1C2C3C,)



L
Ex 8.1: (6a, 6b)

X1+ X, +x3+x, =19

) 0<x,1<i<4 ("7 =(%)

hy For1 <i<4,letc;:x; = 8.
N(c;): x1 +x, + x5 +x, = 11: (4+ﬁ_1) = (1‘1}),1 <i<4.
N(cicj): X1+ Xy +x3+x, = 3: (4+§_1) = (134), 1<i<j<4.
N(€1620568) = N = S1 +5; = (3) = 4(31) +6(5);



L
Ex 8.1: (6¢)

- The number of solutions for x; + x, + x3 + x, = 19 where
0<x4<50<x,<6,3<x3=<7,3<x, <8equalsthe number
of solutions for x; +x, + x5+ x, =13 with0 <x; < 5,0 <x, <
6,0 < x3 <4,0 < x4, <5. Define the conditions ¢;, 1 <i < 4, as
follows: cy: x; = 6, cz Xy = 7;C3:X3 = 5;C4:%4 = 6.

N = (4-+13 1) (

N(cy),N(cy):xq + x5 + x3 + x4 =7.(*"7"H =),
N(cy)ixy +xy +x3+x, = (4+6 ) = (9)

N(ca):xs + x + x5 + x5 = 8: (44571 = (1),

N(cicy) = 1.

N(cic3):xq + xy + x3 + X, = 2: (4+2 ) = ( ).

N(cicy)ixg + xy + x5+ x, = 1: (4+ ) = ( ).

N(cyc3) = (4) N(C2C4) =1,N(c3cq) = ( )5

N@aaa) = (19 - 200+ + (D] +21+ () + )



L
Ex 8.1: (8)

- The number of integer solutions for x; + x, + x5 + x, = 19, -
5 <x; 10,1 £i < 4, equals the number of integer solutions
fOl‘yl + Vo +y3 +y4, = 39, 0 Syl < 15.

cFor1 <i<4,letc: y; = 16.

N(c),1<i<4:y;+ y, +ys+y,=23: (4+23 = (
N(clcj) 1<i<j<4iy;+y,+y3+y,=7: (4+; 1) (170).
N(@1626380) = (35) — 4(G5) +6(3).



L
Ex 8.1: (16)

10 - ()9 + (8- ()7



L
Ex 8.1: (20)

- For1 <i < 7, let ¢; denote the situation where the i-th friend
was at lunch with Sharon.
Then N(¢;¢; ...C7) =
7 7 7 7 7
84— (1)35+ ()16 - (3)8+ ()4 - (52 + ()1 - (7)o =0.
Consequently, Sharon always had company at lunch.



L
Ex 8.2: (2)

a) Let c_i denote the condition that the two A’s are together in an
arrangement of ARRANGEMENT. Conditions c_2,c_3,c_4 are
defined similarly for the two E’s, N’s, and R’s, respectively.

N == 2494800.

For1 <i<4,N(g) = ')3
For1<i<j<4 N(clcj) = 9,)2 = 90720.

N(clc]ck)———20160 1<i<j<k<4
N(c1c2c3c4) = 7! = 5040.

= (1)453600 = 1814400.S, = (3)90720 = 544320.
(3‘)20160 = 80640.5, = (4)5040 = 5040.

(|) E, =S, —(5)Ss + (3)S., = 332640

(i) L, = 52 (%)53 + (5)54 = 398160

b) (i) E3=S3—(7)Ss=60480. (ii) L3 = S; — (3)S, = 65520.

= 453600.




L
Ex 8.2: (3)

- Let c_1 denote the presence of consecutive E’s In the arrangement.
Likewise, ¢_2, c¢_3,c_4,and c_5 are defined for consecutive N’s, O’s,
R’s, and S’s, respectively.

5N = 14!
N(C )(2_)5 13! . (5) ( 13!
1 )4, ’ (2')42|
N(C1C2) (Zl)il" (2) ((zl)iz'
N(cicpc3) = (zl)ié' ( )((2')52,

N(cicac3¢,) = W’ 54 = (4) ((2')1)
N(cicyc3¢, c5) =9l =§s.

h E, =S, (f)s3 (‘2")54 (3)55 = 350,179,200
¢) L3 =S3—3)Ss+ (3)Ss = 74,753,280



L
Ex 8.2: (8)

) Eiq=8t—1—tS; Le1 =L +E4

C) Lt =L +E_{=S+S_1—-tS;=S;_,—(t—-1)S;, =85,_, —
55}

d) L =Lt + Em

e) Ly =5

Le—1 =S¢ ( )5

Assume Lyyq = Sk+1 (k+1)5k+2 + (k+2)5k+3 .t (_1)t—k—1(t;1)5t

Lk—Lk+}(+1 2 t—k—1(t—1
[5k+1 g{ )Sk+2 +g{ )Siees =+ (= 1) t( )St]

)Sica1 + ( )Sk+2 -+ (=D, ’i)
For 1 < r <t—k the coefficient of Spar 1S (— 17 (k” N+ D) =
( 1)r(k+1‘ 1 .

Consequently, L, = Sg — (%, )Sk41 + (§71)Skaz — -+ (=D*(L23)S,.



L
Ex 8.3: (1)

- For 1 <i <5 let ¢; be the condition that 2i Is in position 2i.
N =105 N(¢;) =95 N(cic;) =8L,1<i<j<5;..;
N(cic,c3c4c5) = 5.



Ex 8.3: (4)

- There are 7! = 5040 permutations for 1,2,3,4,5,6,7.
Among these there are 7! [1 S R I VI N NI p
1851 derangements.

21 314 s e 7T
Consequently, we have 5040 — 1854 = 3186 permutations of
1,2,3,4,5,6,7 that are not derangements.



L
Ex 8.3: (6)

a) There are (d,)? = 9% = 81 such derangements.
b) In this case we get (4!)? = 244 = 576 derangements.



L
Ex 8.3: (9)

- (10Dd; = (10D*(e™)



L
Ex 8.3: (10)

(”)dn -1

a) (|) = (i) (d" 1) (|||)1—— (iv) ~-%
h) (i)e~ 1.(||)e 1.(|||)1—e L (iv) (;) -1



L
Ex 8.4 and Ex 8.5: (4)

«1(Cy,x) =1+ 4x + 3x% = 1r(Cy, x)



L
Ex 8.4 and Ex 8.5: (5)

a) (i) (14 2x)°3
(i) 1 + 8x + 12x2 + 4x3
(iii)1 + 9x + 25x% + 21x3
(iv)1 + 8x + 16x2 + 7x3

b) If the board C consists of n steps, and each step has k blocks,
thenr(C,x) = (1 + kx)™.



L
Ex 8.4 and Ex 8.5: (7)

-1(C,x) = (1 +4x + 3x2)(1 + 4x + 2x2)
=1+ 8x + 21x% + 20x3 + 6x*.
For 1 <i <5 let ¢; be the condition that an assignment is made
with person (i) assigned to a language he or she wishes to avoid.

Java

(1) Jeanne
(2) Charles
(3) Todd
(4) Paul
(5) Sandra




L
Ex 8.4 and Ex 8.5: (8)

- The factor 6! Is needed because we are counting ordered
sequences.



Ex 8.4 and Ex 8.5: (12)

- Consider the chessboard C of shaded squares.
Here (C,x) = 1+ 8x + 20x? + 17x3 + 4x*. For any one-to-
one function f: A — B, let ¢4, ¢,, c3, ¢, denote the conditions:
ci: f()) =vorw c3: f(3) =x
c,: f(RQ)=uorw cu: f(4) =v,x,0ry
The answer to this problem is . So there are 146 one-to-one
functions f: A - B where
f() #v,w f(3) #x u v w xy z
f(2) #uw f4) #v,x,vy.

aa b~ W N PP
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