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Name: Student ID:

Quiz #10 6%

CS2336 Discrete Mathematics, Instructor: Cheng-Hsin Hsu

Department of Computing Science, National Tsing Hua University, Taiwan

This is a closed book test. Any academic dishonesty will automatically lead to zero point.

If the total points are more than 6 points, you will get at most 6 points out of it.

1) (2%) If Laura invests$100 at 1.5% interest compounded quarterly (every three months),

how many months must she wait for her money to double? (She cannot withdraw the

money before the quarter is up.)

Hint: log10 2 = 0.301029, log10 1.015 = 0.006466

Answer:

Pn = 100(1 + 0.015)n, P0 = 100

200 ≤ 100(1.015)n ⇒ 2 ≤ (1.015)n

⇒ log10 2 ≤ n log10 1.015

n ≥ 46.55

n = 47

Hence, Laura must wait(47)(3) = 141 months for her money to double.

2) (2%) Find and solve a recurrence relation for the number ofways to park motorcycles

and compact cars in a row ofn spaces if each cycle requires one space and each compact

car needs two. (Motorcycles comes in two distinct models, compact cars have only one

model. We want to use up all then spaces.)

Answer:

Herea0 = 1 anda1 = 2, For n ≥ 2, consider thenth space. If the space is occupied by

a motorcycle – in one of two ways, then we have2an−1 of the ways to fill then spaces.

Further, there arean−2 ways to fill then spaces when a compact car occupies positions

n− 1 andn. These two cases are exhaustive and have nothing in common, so

an = 2an−1 + an−2, n ≥ 2, a0 = 1, a1 = 2.
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Under the substitution we haver2 − 2r − 1 = 0, so r = 1±
√
2 andan = c1(1 +

√
2)n +

c2(1−
√
2)n, n ≥ 0. From1 = a0 = c1+c2 and2 = a1 = c1(1+

√
2)+c2(1−

√
2), we have

c1 =
2+

√

2

4
, andc2 = 2−

√

2

4
. Soan = ((

√
2 + 2)/4)(1 +

√
2)n + ((2−

√
2)/4)(1−

√
2)n =

( 1

2
√

2
)[(1 +

√
2)n+1 − (1−

√
2)n+1], n ≥ 0.

3) (2%) Solve each of the following recurrence relations.

a) an+1 − an = 2n+ 3, n ≥ 0, a0 = 1

b) an+1 − 2an = 5, n ≥ 0, a0 = 1

Answer:

a) a1 = a0 + 0 + 3

a2 = a1 + 2 + 3 = a0 + 2 + 2(3)

a3 = a2 + 2(2) + 3 = a0 + 2 + 2(2) + 3(3)

a4 = a3 + 2(3) + 3 = a0 + [2 + 2(2) + 2(3)] + 4(3)
...

an = a0 + 2[1 + 2 + 3 + · · ·+ (n− 1)] + n(3) = 1 + 2[n(n− 1)/2] + 3n

= 1 + n(n− 1) + 3n = n2 + 2n+ 1 = (n+ 1)2, n ≥ 0

b) a1 = 2a0 + 5 = 2 + 5

a2 = 2a1 + 5 = 22 + 2 · 5 + 5

a3 = 2a2 + 5 = 23 + (22 + 2 + 1)5
...

an = 2n + 5(1 + 2 + 22 + · · ·+ 2n−1) = 2n + 5(2n − 1) = 6(2n)− 5, n ≥ 0

4) (2%) Solve the following recurrence relations. (No final answer should involve complex

numbers.)

a) an = 5an−1 + 6an−2, n ≥ 2, a0 = 1, a1 = 3

b) an+2 + an = 0, n ≥ 0, a0 = 0, a1 = 3

Answer:

a) Let an = crn, c, r 6= 0. Then the characteristic equation isr2 − 5r − 6 = 0 =

(r − 6)(r + 1),
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so r = −1, 6 are the characteristic roots.

an = A(−1)n + B(6)n

1 = a0 = A+ B

3 = a1 = −A+6B, soB = 4/7 andA = 3/7. an = (3/7)(−1)n+(4/7)(6)n, n ≥ 0.

b) With an = crn, c, r 6= 0, the characteristic equationr2+1 = 0 yields the characteristic

roots±i.

Hencean = A(i)n+B(−i)n = A(cos (π/2)+i sin (π/2))n+B(cos (π/2)+i sin (−π/2))n =

C cos (nπ/2) +D sin (nπ/2).

0 = a0 = C, 3 = a1 = D sin (π/2) = D, so an = 3 sin (nπ/2), n ≥ 0.


