SOLUTION

Ex10.1:2,3,7,9

Ex 10.2: 1, 3, 4, 20, 31
Ex10.3:1,2,4,5,11
Ex10.4:1



L
Ex 10.1: (2)

a) apyq = 1.5a,,a, = (1.5)"ay,n = 0.
n) 4a, =5a,_{,a, = (1.25)"ay,n = 0.

c) 3ap4q = 4a,,3a1 =15 =4a,y,ay = 1:5,

e =)' 0= () =5 =0
) = Qnnin=() w081 =0,= () a0

n
sy =16anda, =16(3) , n > 0.



L
Ex 10.1: (3)

153
‘Apy1 —da, =0,n=0,50a, =d"ay. - =az = d3a,,

1377 a 9 3
~——=q:=d’qy>=>2=d?=—andd = +-.
2401 as 49 7



L
Ex 10.1: (V)

5) 19+ 18+ 17 + -+ 10 = 145
) 9+8+7+-+1=45



L
Ex 10.1: (9)

) 21345
) 52143,52134,25134
) 25134,21534,21354,21345



L
Ex 10.2: (1.3, 1.b)

a) a,=5a,.1+6a, ,,n=2,a,=1a, = 3.
Let a,, = cr™, c,r # 0. Then the characteristic equation Is
r°—5r—6=0=0—-6)(r+1),s0r = —1,6 are the
characteristic roots.
a, = A(—1)" + B(6)".
1= ay=4+B.
3=a,=—A+6B,s0B="andA ==,

=(2) (=D +(2)6™,n > 0.
7) (7)

(%) —2(5)",n = 0.



L
Ex 10.2: (1.c)

*Apyo + a, =0,n=0,ay5 =0,a; = 3.
With a,, = cr™, ¢, 7 # 0. The characteristic equation r? + 1 =
0 yields the characteristic roots +i.

Hence a,, = A(D))" + B(—i)" = (cos (2) + isin (:))n +

(s (2)+ () = ces (2) 2 (2).

0=ay=0C,3=a =Dsin(§) =D,

soa, = 3sin(%),n => 0.



L
Ex 10.2: (1.d)

a, —6a,_1+9a,_,=0n=2a =5a =12.
Leta, = cr™c,r #0.Thenr? +6r+9=0= (r — 3)%,s0
the characteristic roots are 3,3 and A(3™) + Bn(3™).
5=ay=4; 12a;, =3A+3B =15+ 3B,B = —1.
a, =53") —n@B")=(05B-n)3"),n=0.



L
Ex 10.2: (1.e)

a, +2a,_1+2a,_ ,=0n=2,a,=1,a, = 3.
r’+2r+2=0r=-1+I.

(—1+i)=\/_(cos(34)+lsm( )
(=1—i)=+2 (Cos (35) ism( ))
— (V)" [Acos () + Bsin (320)].

R

w-p

1—a0—A
3—a1—\/_lcos( )+Bsm( )] [ \/_] S0 3 =
— 1+ B,B =4.

IV

= (2" [ () 5 (7)o



L
Ex 10.2: (3)

-n=0):a,+ba;+cay=0=4+b(1)+c(0),s0b = —4.
(n=1):a3—4a,+ca; =0=37—-4(4)+c,soc =-21.
Anir —4a,.1—21a, =0.
r?—4r—-21=0=0-7)(r+3),r=17,-3.

a, = A(7)" + B(—3)".
O0=ay=4+B>=>B=-A.
1= a, =74 —3B =104,
1 1 1
soA=1—O,B=—1—Oandan=1—0[7"—(—3)”],n20.



L
Ex 10.2: (4)

Ay, = Au_1+ an_,n=2,a9 = a4 = 1.

re—r—1=0,r 1+2\/_
an=A(1+2\/—) +B( 2\/—)

_ . _ 1+V5 _ /5-1
aO—a1—1=>A—2\/§,B——2\/§.

. _ 1 (1+\/§)Tl+1 B (1_\/§)TL+1
“n =5 2 2 '



L
Ex 10.2: (20.a)

2
92 = [1+\/§] _ 142V5+5 _ 6+2V5 _ 3+5

2 4 4 2
=[1+\/§]+E=a+1
2 2




L
Ex 10.2: (20.b)

- Proof: (By Mathematical Induction) For n = 1, we have
a"=al=a=a-1+0=aF; +F,=aF, +F,_4,sothe
result is true in this case. This establishes the basis step. Now
we assume for an arbitrary (but fixed) positive integer k that
a® = aF, + F,_,. This is our inductive step. Considering
n = k + 1, at this time, we find that
a*tt = q(a¥) = alaFy + F,_1] (By the inductive step)
= a’F, + aF,_; = (a + 1)F,, + aF,_,[by part (a)]

— (x(Fk + Fk—l) + Fk — (XFk_|_1 + Fk'

Since the given result is true for n = 1 and the truth for

n = k + 1 follows from that for n = k, it follows bt the
Principle of Mathematical Induction that a™ = aF,, + F,,_for
allneZzt.



L
Ex 10.2: (31)

- Let b, = a2,b, = 16, b, = 1609.
This yields the linear relation b,,., — 5b,, .1 + 4b,, = 0 with
characteristic roots r = 4,1, s0 b,, = A(1)™ + B(4)".
by =16,b; =169 > A = —35,B = 51 and
b, = 51(4)" — 35.

Hence a,, =,/51(4)" —35,n = 0.




L
Ex 10.3: (1.3, 1.b)

a) Ape1—ap,=2n+3,n=0,ay = 1.
a; = ag+ 0+ 3.
a, = a;+2+3=ay+ 2+ 2(3).
a; = a, +22)+3=ay+2+2(2) + 3(3).
a, = a3 +2(B)+3=ay+[2+2(2)+ 203)] +4(3).

a, = ay+2[1+2+3+-+n—-1)]+n@B)=1+
Z[n(n 1)]+3n—1+n(n—1)+3n—n +2n+1=
(n+1)%,n=>0.

) a,=3+nn-1)7%nz=0.




L
Ex 10.3: (1.c, 1.d)

c) Apyqp—2a, =5n=0,ay = 1.
a, =2a9+5=2+5.
a, =2a,+5=2%+2-5+05.
as; =2a,+5=23+(2%2+2+1)5.

ap =2"+5(1+2+2%+ - +2"H) =2"+52" - 1) =
6(2") —2,n = 0.
d) a,=24+n2"1H,n>0.



L
Ex 10.3: (2)

— \'m s
" An = Li= Ol

A1 =a, +(n+1)%,n>0,a, =0.

Qi1 —a, =(Mm+1)?>=n?+2n+1.

a™ = 4,a"? = Bn + Cn? + Dn3.
Bn+1)+Cn+1)?+D(n+1)3=Bn+Cn*+Dn3+
n+2n+1= Bn+B+Cn*+2Cn+C+Dn+3Dn? +
3Dn+ D = Bn + Cn® + Dn> + n? + 2n + 1. By comparing
coefficients on like powers of n, we find that C + 3D =C +1,

soD—— AlsoB+2C+3D=B+2,s0C = 5 Finally,
B+C+D—1:B —Smm—A+1%FnLFn With
a, = 0, it follows thatA =0anda, = p n[1l+ 3n + 2n?] =
%n(n+1)(2n+1),n2 0.



111 i, HP e[
Ex 10.3: (4)

- Let p,, be the value of the account n months after January 1 of
the year the account is started.
po = 1000.
p; = 1000 + (.06)1000 + 200 = 1.06 py + 200.
Pns1 = 1.06 p, +200,0 < n < 46.
Pag = 1.06 py7.
Pn+1 — 1.06 p,, = 200,0 < n < 46.
pdY = A(1.06)",pP) = C.
C —1.06C = 200= C = —(20000/6).
po = A(1.06)° — (20000/6) = 1000,s0 A = (26000/6).

P, = (262002 (1 O6)n . (20000)

2600 20000
Pa7 = ( )(1.06)*" — (
p48 - 1 06p4_7 — 67706 78

) = 63685.64.



L
Ex 10.3: (5)

a) an+2+3an +2a, =3",n=>0,ay =0,a; = 1.
With a,, = cr', c,r + 0, the characteristic equation 7% + 3r + 2 =
0= (r + 2)(r n 1) ylelds the characterlstlc roots r = —1, —2.

Hence a(h) A"+ B(—2)™, whllea )—C(B)"
C(3)"+2+SC(3)"+1+2C(3)"—3”=>9C+9C+2C—1 =
C__

a, = A(—1)" + B(— 2)n+%3n.
O—aO=A+B+—
l=q,=-A— 2B+—
Hencel—a0+a1——B+—andB— g
ThenA——B——OzE
:—( 1™ + ——( 2)" + —(3)",n20.

) an=2(-2)" = 3n(=2)"+I,n >0,



L
Ex 10.3: (11.a)

- Letaz = b,,n > 0.
bpis — 5byiq + 6b, =7n.

bW = 4(3") + B2™), b = Cn + D.
Cn+2)+D—-5[Cn+1)+D]+6(Cn+D)=7n=C=
b, = A(3") + B(2") +77"+24—1.

by =a5=1,b; =a? = 1.

1=by=A+B+="

1=b,=34+2B+2+2
31 2 4

N

,D

34+ 2B = — %,

24 +2B = -2
3 4

A=2B=_5.
4

1
a, = 23" -5 2+ 2+ 2wz 0.



L
Ex 10.3: (11.b)

cai—2a,.1=0n=>1,a,=2.
az = 2a,_4.
log, aj;, = log,(2a,—1) = log, 2 +log; an_;.
2log,a, =1+l1og,a,_1.
Let b, =log, a,.
The solution of the recurrence relation 2b,, = 1 + b,,_4IS
n
b=A(5) +1.
by =log,ay, =log,2=1,501=by=A+1and A = 0.
Consequently, b,, = 1,n =2 0,and a,, = 2,n = 0.



L
Ex10.4: (1.3, 1.b)

a) QApi1 — —3"n>0a0—1

LEt f(X) — Zn—o anx
Z?LO=O an+1xn+1 — Z*,Ozozo anxn+1 N Z%ozo 3nxntl

[/ () — o] = xf () = x Xipg (30" =
flx)—1 —xf(x) ==

X

f(x) - _x (1 0(1=3%)

( %) ( ) ( ) (1 Bx) - %(i) + % (1—13x)'
andan— [1+3"]n>0.
n(n- 1)(2n 1)]

b) an—1+[



L
Ex 10.4: (1.c)

*Apyr —3apy1 +2a,=0n=>0,a,=1,a, = 6.
Ym0 On+2 X" = 3 X0 Ay X2 + 230 5 anx™? = 0.
Z?LO:O an+2xn+2 — 3x Z?c;,o=0 an+1xn+1 + sz 21010=0 anxn = 0.
Let f(x) = Y=o a@nx™. Then
(f(x)—1—6x) —3x(f(x) — 1) + 2x%f(x) = 0, and
f(x)(1+ 3x + 2x%) =1+ 6x — 3x = 1 + 3x, Consequently,

. 1+3x 5 -4 00 n _ 00 n
flx) = (1-2x)(1-x)  1-2x T 5 Xn=0(2x) 4 2n=0 X",

and a,, = 5(2") —4,n > 0.




11111l i,
Ex 10.4: (1.d)

“Apyy —20apy1 + a, =2"1n=>0,ap =1,a; = 2.
Z‘(r)zozo an+2xn+2 — 2 Z?LO=O an+1xn+2 + 21010=0 anxn+2 =
Z%O=0 ann+2.
Let f(x) = Y=o anx™. Then
[f (x) —ag — agx] — 2x[f (x) — ap] + xH) = x? Din=0(2x)™ .

fx) —1—2x—2xf(x) + 2x + x*f(x) = i

X

1-2x
2
(2 —2x+1Df () =1+ == f(x) =
1 x? 1-2x+x2 1
(1—x)2 + (1_2x)(1_x)2 _ (1_x)2(1_2x) — 1—2x — 1 + ZX +

(2x)% + -+, SO a, =2",n=0.



