
SOLUTION 
Ex 7.1: 1, 5, 6, 9, 17 

Ex 7.2: 4, 14, 17, 18, 26 

Ex 7.3: 1, 7, 18, 23, 25 

Ex 7.4: 2, 6, 7, 12, 14 

Ex 7.5: 1, 3 



Ex 7.1: (1) 

a)  {(1,1), (2,2), (3,3), (4,4), (1,2), (2,1), (2,3), (3,2)} 

b)  {(1,1), (2,2), (3,3), (4,4), (1,2)} 

c)  {(1,1), (2,2), (1,2), (2,1)} 



Ex 7.1: (5) 

a) reflexive, antisymmetric, transitive 

b) transitive 

c) reflexive, symmetric, transitive 

d) symmetric 

e) (odd): symmetric 

f) (even): reflexive, symmetric, transitive 

g) reflexive, symmetric 

h) reflexive, transitive 

 



Ex 7.1: (6) 

• The relation in part (a) is a partial order. 

The relation in parts (c) and (f) are equivalence relations. 



Ex 7.1: (9) 

a) False: Let 𝐴 = {1,2} and ℛ = {(1,2), (2,1)}. 

b) (i) Reflexive: True. 
(ii) Symmetric: False. 
 Let 𝐴 = {1,2} , ℛ1 = {(1,1)}, ℛ2 = 1,1 , 1,2  
(iii) Antisymmetric and transitive: False.   
 Let 𝐴 = {1,2} , ℛ1 = {(1,2)}, ℛ2 = 1,2 , 2,1  

c) (i) Reflexive: False. 
 Let 𝐴 = {1,2} , ℛ1 = {(1,1)}, ℛ2 = 1,1 , 2,2  
(ii) Symmetric: False. 
 Let 𝐴 = {1,2} , ℛ1 = {(1,2)}, ℛ2 = 1,2 , 2,1  
(iii) Antisymmetric: True. 
(iv) Transitive: False. 
 Let 𝐴 = {1,2} , ℛ1 = { 1,2 , (2,1)}, 
 ℛ2 = 1,1 , 1,2 , 2,1 , (2,2)  

d) True. 



Ex 7.1: (17) 
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Ex 7.2: (4) 

a)  ℛ1 ∘ ℛ2 ∪ ℛ3 = 1,4 , 1,5 , 3,4 , 3,5 , 2,6 , 1,6  

ℛ1 ∘ ℛ2 ∪ ℛ1 ∘ ℛ3 = 1,4 , 1,5 , 1,6 , 2,6 , 3,4 , 3,5  

b)  ℛ1 ∘ ℛ2 ∩ ℛ3 = 1,5 , 3,5  
 ℛ1 ∘ ℛ2 ∩ ℛ1 ∘ ℛ3 = { 1,4 , 1,5 , (3,5)} 



Ex 7.2: (14.1) 



Ex 7.2: (14.2) 



Ex 7.2: (17.i) 

• ℛ = { 𝑎, 𝑏 , 𝑏, 𝑎 , 𝑎, 𝑒 , 𝑒, 𝑎 , 𝑏, 𝑐 , 𝑐, 𝑏 , 
𝑏, 𝑑 , 𝑑, 𝑏 , 𝑏, 𝑒 , 𝑒, 𝑏 , 𝑑, 𝑒 , 𝑒, 𝑑 , 𝑑, 𝑓 , 𝑓, 𝑑 } 

• 𝑀 ℛ =

0 1 0 0 1 0
1 0 1 1 1 0
0 1 0 0 0 0
0 1 0 0 1 1
1 1 0 1 0 0
0 0 0 1 0 0

 



Ex 7.2: (17.ii) 

• ℛ = { 𝑎, 𝑏 , 𝑏, 𝑒 , 𝑑, 𝑏 , 𝑑, 𝑐 , 𝑒, 𝑓 } 

• 𝑀 ℛ =

0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 1 1 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

 



Ex 7.2: (17.iii) 

• ℛ = { 𝑎, 𝑎 , 𝑎, 𝑏 , 𝑏, 𝑎 , 𝑐, 𝑑 , 𝑑, 𝑐 , 𝑑, 𝑒 , 
𝑒, 𝑑 , 𝑑, 𝑓 , 𝑓, 𝑑 , 𝑒, 𝑓 , (𝑓, 𝑒)} 

• 𝑀 ℛ =

1 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 1 1
0 0 0 1 0 1
0 0 0 1 1 0

 



Ex 7.2: (17.iv) 

• ℛ = { 𝑏, 𝑎 , 𝑏, 𝑐 , 𝑐, 𝑏 , 𝑏, 𝑒 , 𝑐, 𝑑 , (𝑒, 𝑑)} 

• 𝑀 ℛ =

0 0 0 0 0 0
1 0 1 0 1 0
0 1 0 1 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0

 



Ex 7.2: (18.a) 

• ℛ = { 𝑣,𝑤 , 𝑣, 𝑥 , 𝑤, 𝑣 , 𝑤, 𝑥 , 𝑤, 𝑦 , 𝑤, 𝑧 , 𝑥, 𝑧 , (𝑦, 𝑧)} 



Ex 7.2: (18.b) 

• ℛ = { 𝑣,𝑤 , 𝑣, 𝑥 , 𝑣, 𝑦 , 𝑤, 𝑣 , 𝑤, 𝑥 , 𝑥, 𝑣 , 
𝑥, 𝑤 , 𝑥, 𝑧 , 𝑦, 𝑣 , 𝑦, 𝑧 , 𝑧, 𝑥 , (𝑧, 𝑦)} 



Ex 7.2: (26.a, 26.b) 

a) Let 𝑘 ∈ Z+. Then 

𝑅12𝑘 = {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7)} and 

𝑅12𝑘+1 = 𝑅. The smallest value of 𝑛 > 1 such that 

𝑅𝑛 = 𝑅 is 𝑛 = 13. When 𝑛 = 3, 5,5 6,6 7,7 ∈ R3, and 

this is the smallest power of 𝑅 that contains at least one 

loop. For all multiples of 12 the graph consists of only 

loops.  

b) For all 𝑘 ∈ Z+, 𝑅30𝑘 = {(𝑥, 𝑥)|𝑥 ∈ Z+, 1 ≤  𝑥 ≤ 10} and 

𝑅30𝑘+1 = 𝑅. Hence 𝑅31 is the smallest power of 𝑅 (for 

𝑛 > 1) where 𝑅𝑛 = 𝑅. When 𝑛 = 2, we find (1,1), (2,2) in 

𝑅, which is the smallest n with loops in the graph. 



Ex 7.2: (26.c) 

• Let 𝑅 be a relation on set 𝐴 where |𝐴| = 𝑚. Let 𝐺 be the 

directed graph associated with 𝑅 – each component of 

𝐺 is a directed cycle 𝐶𝑖 on 𝑚𝑖  vertices, with 1 ≤  𝑖 ≤  𝑘. 

(Thus 𝑚1 +𝑚2 +⋯+𝑚𝑘 = 𝑚.) The smallest power of 𝑅 

where loops appear is 𝑅𝑡, for 𝑡 = min 𝑚𝑖 1 ≤  𝑖 ≤  𝑘 . 

• Let 𝑠 = 𝑙𝑐𝑚 𝑚1, 𝑚2, … ,𝑚𝑘 . Then 𝑅𝑟𝑠 =the identity 

(equality) relation on 𝐴 and 𝑅𝑟𝑠+1 = 𝑅, for all 𝑟 ∈ Z+. The 

smallest power of 𝑅 that reproduces 𝑅 is 𝑠 + 1. 



Ex 7.3: (1) 



Ex 7.3: (7) 

a) . 

 

 

 

 

b)  3 < 2 < 1 < 4 𝑜𝑟 3 < 1 < 2 < 4 

c)  2 



Ex 7.3: (18) 

a) (i)  Only one such upper bound – {1,2,3}. 
(ii) Here the upper bound has the form {1,2,3, 𝑥} where 

𝑥 ∈ 𝒰 and 4 ≤  𝑥 ≤  7. Hence there are four such upper 

bounds. 

(iii) There are 4
2

upper bounds of 𝐵 that contain five 

elements from 𝒰. 

b)  4
0
+ 4

1
+ 4

2
+ 4

3
+ 4

4
= 24 = 16 

c)  𝑙𝑢𝑏 𝐵 = {1,2,3} 

d) One−namely ∅ 

e)  𝑔𝑙𝑏 𝐵 = ∅ 



Ex 7.3: (23) 

a) Flase. Let 𝑈 = {1,2}, 𝐴 = 𝑃(𝒰), and ℛ be the inclusion 

relation. Then (𝐴,ℛ) is a lattice where for all 𝑆, 𝑇 ∈ A, 

𝑙𝑢𝑏 𝑆, 𝑇 = 𝑆 ∪ T and 𝑔𝑙𝑏 𝑆, 𝑇 = 𝑆 ∩ T. However, {1} 
and {2} are not related, so (𝐴, ℛ) is not a total order. 

b) If (𝐴, ℛ) is a total order, then for all 𝑥, 𝑦 ∈ A, 𝑥ℛ𝑦 or 𝑦ℛ𝑥. 

For 𝑥ℛ𝑦, 𝑙𝑢𝑏{𝑥, 𝑦} = 𝑦 and 𝑔𝑙𝑏{𝑥, 𝑦} = 𝑥. Consequently, 

(𝐴,ℛ) is a lattice. 



Ex 7.3: (25) 

a)  𝑎 

b)  𝑎 

c)  𝑐 

d)  𝑒 

e)  𝑧 

f)  𝑒 

g)  𝑣 

(𝐴,ℛ) is a lattice with 𝑧 the greatest (and only maximal) 

element and 𝑎 the least (and only minimal) element. 

 

 



Ex 7.4: (2) 

a) There are three choices for placing 8 – in either 𝐴1, 𝐴2 
or 𝐴3. Hence there are three partitions of 𝐴 for the 

conditions given. 

b) There are two possibilities with 7 ∈  𝐴1, and two others 

with 8 ∈  𝐴1. Hence there are four partitions of 𝐴 under 

these conditions. 

c) If we place 7,8 in the same cell for a partition we obtain 

three of the possibilities. If not, there are three choices 

of cells for 7 and two choices of cells for 8 – and six 

more partitions that satisfy the stated restrictions. In 

total – by the rules of sum and produce – there are 

3 + (3)(2) = 3 + 6 = 9 such partitions. 



Ex 7.4: (6) 

a) For all 𝑥, 𝑦 ∈ A, since 𝑥 = 𝑥, it follows that (𝑥, 𝑦)𝑅(𝑥, 𝑦), 
so 𝑅 is reflexive.  

If 𝑥1, 𝑦1 , 𝑥2, 𝑦2 ∈ A and 𝑥1, 𝑦1 𝑅 𝑥2, 𝑦2 , then 𝑥1 = 𝑥2, 
so 𝑥2 = 𝑥1 and 𝑥2, 𝑦2 𝑅 𝑥1, 𝑦1 . Hence 𝑅 is symmetric.  

Finally, let 𝑥1, 𝑦1 , 𝑥2, 𝑦2 , 𝑥3, 𝑦3 ∈ A with 

𝑥1, 𝑦1 𝑅 𝑥2, 𝑦2  and 𝑥2, 𝑦2 𝑅 𝑥3, 𝑦3 . 𝑥1, 𝑦1 𝑅 𝑥2, 𝑦2 ⇒
𝑥1 = 𝑥2; 𝑥2, 𝑦2 𝑅 𝑥3, 𝑦3 ⇒ 𝑥2 = 𝑥3. With 𝑥1 = 𝑥2, 𝑥2 =
𝑥3, it follows that 𝑥1 = 𝑥3, so 𝑥1, 𝑦1 𝑅 𝑥3, 𝑦3  and 𝑅 is 

transitive. 

b) Each equivalence class consists of the points on a 

vertical line. The collection of these vertical lines then 

provides a partition of the real plane. 



Ex 7.4: (7) 

a) For all 𝑥, 𝑦 ∈ A, 𝑥 + 𝑦 = 𝑥 + 𝑦 ⇒ 𝑥, 𝑦 𝑅 𝑥, 𝑦 .  
𝑥1, 𝑦1 𝑅 𝑥2, 𝑦2 ⇒ 𝑥1 + 𝑦1 = 𝑥2 + 𝑦2 ⇒ 𝑥2 + 𝑦2 = 𝑥1 + 𝑦1 
⇒ 𝑥2, 𝑦2 𝑅 𝑥1, 𝑦1 . 𝑥1, 𝑦1 𝑅 𝑥2, 𝑦2 , 𝑥2, 𝑦2 𝑅 𝑥3, 𝑦3  
⇒  𝑥1 + 𝑦1 = 𝑥2 + 𝑦2, 𝑥2 + 𝑦2 = 𝑥3 + 𝑦3, so 𝑥1 + 𝑦1 = 𝑥3 + 𝑦3 
and 𝑥1, 𝑦1 𝑅 𝑥3, 𝑦3 .  
Since 𝑅 is reflexive, symmetric and transitive, it is an 

equivalence relation. 

b)  1,3 = 1,3 , 2,2 , 3,1 ;  
 [(2,4)] = {(1,5), (2,4), (3,3), (4,2), (5,1)}; [(1,1)] = {(1,1)}. 

c)  𝐴 = 1,1 ∪ 1,2 , 2,1 ∪ 1,3 , 2,2 , 3,1 ∪ 
1,4 , 2,3 , 3,2 , 4,1 ∪ 1,5 , 2,4 , 3,3 , 4,2 , 5,1 ∪
2,5 , 3,4 , 4,3 , 5,2 ∪ 3,5 , 4,4 , 5,3 ∪ 4,5 , 5,4 ∪
5,5  .  

 



Ex 7.4: (12) 

a)  210 = 1024 

b)   𝑆 5, 𝑖 = 1 + 15 + 25 + 10 + 1 = 525
𝑖=1  

c)  1024 − 52 = 972 

d)  𝑆(5,2) = 15 

e)   𝑆 4, 𝑖 = 1 + 7 + 6 + 1 = 154
𝑖=1  

f)   𝑆 3, 𝑖 = 1 + 3 + 1 = 53
𝑖=1  

g)   𝑆 3, 𝑖 = 1 + 3 + 1 = 53
𝑖=1  

h)  ( 𝑆(3, 𝑖)3
𝑖=1 ) − ( 𝑆(2, 𝑖)2

𝑖=1 ) = 3 

 



Ex 7.4: (14) 

a) Not possible. With 𝑅 reflexive, 𝑅 ≤ 7. 

b)  𝑅 = 𝑥, 𝑥 𝑥 ∈ Z, 1 ≤ 𝑥 ≤ 7 . 

c) Not possible. With 𝑅 symmetric, |𝑅| − 7 must be even. 

d)  𝑅 = 𝑥, 𝑥 𝑥 ∈ Z, 1 ≤ 𝑥 ≤ 7 ∪ {(1,2), (2,1)}. 

e)  𝑅 = 𝑥, 𝑥 𝑥 ∈ Z, 1 ≤ 𝑥 ≤ 7  
∪ 1,2 , 2,1 ∪ {(3,4), (4,3)}. 

f) Not possible with 𝑟 − 7 odd. 

g) Not possible. See the remark at the end of Section 7.4. 

h) Not possible with 𝑟 − 7 odd. 

i) Not possible. See the remark at the end of Section 7.4. 

 

 



Ex 7.5: (1) 

a)  𝑃1: 𝑠1, 𝑠4 , 𝑠2, 𝑠3, 𝑠5  

𝑣 𝑠1, 0 = 𝑠4 𝐸1 𝑣 𝑠4, 0 = 𝑠1  but 

𝑣 𝑠1, 1 = 𝑠1 𝐸1 𝑣 𝑠4, 1 = 𝑠3 , so 𝑠1𝐸2𝑠4. 
𝑣 𝑠2, 1 = 𝑠3 𝐸1 𝑣 𝑠3, 1 = 𝑠4 , so 𝑠2𝐸2𝑠3. 
𝑣 𝑠2, 0 = 𝑠3 𝐸1 𝑣 𝑠5, 1 = 𝑠3  and 

𝑣 𝑠2, 1 = 𝑠3 𝐸1 𝑣 𝑠5, 1 = 𝑠3 , so 𝑠2𝐸2𝑠5. 
Since 𝑠2𝐸2𝑠3 and 𝑠2𝐸2𝑠5, it follows that 𝑠3𝐸2𝑠5. 
Hence 𝑃2 is given by 𝑃2: 𝑠1 , 𝑠2, 𝑠5 , 𝑠3 , 𝑠4 .  
𝑣 𝑠2, 𝑥 = 𝑠3 𝐸2 𝑣 𝑠5, 𝑥 = 𝑠3  for 𝑥 = 0,1. 

Hence 𝑠2𝐸3𝑠5 and 𝑃_2 = 𝑃_3. 

Consequently, states 𝑠_2 and 𝑠_5 are equivalent. 

b) States 𝑠2 and 𝑠5 are equivalent. 

c) States 𝑠2 and 𝑠7 are equivalent; 𝑠3 and 𝑠4 are equivalent 

 

 



Ex 7.5: (3) 

a)  𝑠1 and 𝑠7 are equivalent; 𝑠4 and 𝑠5 are equivalent 

b) (i)  0000 

(ii) 0 

(iii) 00 

𝑣 𝑤 

𝑀: 0 1 0 1 

𝑠1 𝑠4 𝑠1 1 0 

𝑠2 𝑠1 𝑠2 1 0 

𝑠3 𝑠6 𝑠1 1 0 

𝑠4 𝑠3 𝑠4 0 0 

𝑠6 𝑠2 𝑠1 1 0 


